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A quantitative study of the effects of dynamical chiral symmetry breaking on the mass generation
of the low-lying hadrons in a dynamical lattice QCD simulation is presented. The evolution of
light hadron masses upon increasing the number of low-lying Dirac operator eigenmodes in the
quark propagators is confronted with the hadron masses obtained upon removal of such low-lying
eigenmodes from standard full quark propagators. The low-lying chiral symmetry breaking modes
provide roughly two third of the nucleon and ρ masses, while the a1 mass is affected to a much
smaller degree.
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I. INTRODUCTION
It has been recognized for a long time that the ap-
proximate chiral symmetry and its dynamical breaking
in the QCD vacuum represents an important ingredient
for hadron physics in the light quark sector. The mass
of such hadrons originates almost entirely from the en-
ergy of the quantized gluonic field. These gluonic interac-
tions lead to both, dynamical chiral symmetry breaking
(DχSB) and confinement. Apriori it is not clear which
of these two most important phenomena or both are of
importance for the generation of mass of light hadrons.
It is well established that the exceptionally low mass of
the pions is a consequence of DχSB. According to some
model views the nucleon and ρ-meson masses are as well
due to the physics of DχSB and are not related to con-
finement. In this Brief Report we aim to investigate this
issue by quantifying the effects of the quark condensate
of the vacuum on the mass generation of the low-lying
hadrons in a dynamical lattice simulation.
Several qualitative lattice studies addressing this ques-
tion have been performed in the past [1–3]. One of the
conclusions was that the pion mass is saturated by the
DχSB physics, in agreement with theoretical expecta-
tions. The current study follows our previous work [4, 5]
where we investigated the effects of artificially restoring
the chiral symmetry by removing the low-lying modes
from the valence quark propagators. Indeed, according
to the Banks–Casher relation [6] a density of the quasi-
zero modes of the Dirac operator represents the quark
condensate of the vacuum. It has turned out that all
low-lying hadrons, except for the pions, survive this arti-
ficial unbreaking of the chiral symmetry. Chiral symme-
try appears restored while the nucleon and rho masses do
not drop down. At some truncation level we reached a
regime where the hadron mass was entirely chirally sym-
metric and consequently its generation is not related to
DχSB. In this world all hadrons arrange themselves into
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multiplets of the chiral group. This does not tell, how-
ever, that in the real world DχSB is unimportant for the
masses of the low-lying hadrons. Indeed, the size of the
respective splittings, e.g. a1 − ρ, is of the order of the
hadron mass. Consequently we should expect at least a
sizeable contribution of DχSB dynamics on the low-lying
hadron mass generation.
In this study we want to gain deeper inside in the role
of DχSB for the generation of individual light hadron’s
masses. Therefore we consider not only Dirac low mode
reduced quark propagators, as in previous works, but also
explore hadrons constructed out of the low mode part
exclusively. This will allow for a quantitative comparison
of the contribution of the low-lying DχSB Dirac modes
to the mass generation of different light hadrons.
II. OUR STRATEGY
A. Low mode only vs. low mode reduced
propagators
The quark propagator in a given gauge background
can be decomposed into a sum of the eigenmodes of the
Dirac operator. According to the Banks–Casher relation,
a density of the lowest quasi-zero eigenmodes is related
to the quark condensate of the vacuum. Consequently,
the low-lying modes represent the physics of DχSB. The
propagator built from the k lowest-lying modes (by mag-
nitude) only, we call low mode (LM) propagator,
SLM(k) =
k∑
i=1
1
λi
|λi〉〈λi|γ5 , (1)
where λi and |λi〉 are the real eigenvalues and the cor-
responding eigenvectors of the Hermitian Dirac opera-
tor γ5D. A propagator constructed by subtracting the
lowest-lying modes from the complete set, we call a re-
duced (RD) propagator,
SRD(k) = SFull − SLM(k) . (2)
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FIG. 1: The ρ-meson (JPC = 1−−) from different truncation stages of low mode (LM) and reduced (RD) quark
propagators. The eigenvalues of the correlation matrix are shown in the upper left plot, the effective masses in the
upper right. The bottom row shows the eigenvectors of the variational method of LM(128) (left) and RD(128)
(right).
Such a propagator does not incorporate the chiral sym-
metry breaking physics, but takes into account (at least
most of) the confining properties [4, 5].
From the low mode and reduced quark propagators at
a given truncation level k we construct hadron propaga-
tors and study the corresponding correlation functions.
When we observe an exponential decay of the latter, we
interpret it as a signal of the state and extract its mass.
By comparing hadron masses from both, low mode and
reduced propagators at different k, we can judge to what
extent DχSB is important for the mass generation of
the respective hadron. We choose truncation levels of
k = 32, 64 and 128 corresponding to truncation energies
of 42, 71 and 117 MeV, respectively.
For each hadron we use a set of different interpolators
and analyse the corresponding cross-correlation matrix
with the variational method by solving the generalized
eigenvalue problem [7, 8]. The quantum channels and
corresponding interpolators are listed in Tab. I where
the enumeration of the interpolators has been inherited
from [9, 10]. Notations n, w and ∂i stand for the Ja-
cobi smeared narrow, wide and derivative sources, re-
spectively [11].
B. Lattice setup
We adopt 160 gaugefield configurations generated with
nf = 2 dynamical chirally improved fermions [12] on a
163×32 lattice with lattice spacing a = 0.144(1) fm. The
corresponding pion mass is Mpi = 322(5) MeV in this
ensemble [11].
# ρ
8 qwγkγtqw
17 q∂iγkq∂i
# a1
1 qnγkγ5qn
4 qwγkγ5qw
# N+
1 εabcqa(q
T
b Cγ5qc) , n(nn)
18 εabciqa(q
T
b Cγtγ5qc), w(ww)
TABLE I: Interpolators for the ρ(1−−), a1(1++) mesons
and the nucleon N+.
III. EVOLUTION OF THE HADRON MASSES
OF LOW MODE VS. REDUCED PROPAGATORS
A. pi
The pion mass is saturated by the low-lying modes only
[2]. At k = 128 the pion mass is reproduced within the
error bars. On the other hand, when one removes the
same number of low modes from the complete set one
artificially removes the pion from the spectrum in the
sense of a manifest loss of the exponential decay of the
correlator function [4].
310-3
10-2
10-1
100
 2  3  4  5  6  7  8  9  10t
Full
LM(32)
LM(128)
RD(32)  
RD(128)
 0
 550
 1100
 1650
 2200
 2  3  4  5  6  7  8  9  10
meff(t),
MeV
t
Full
LM(128)
RD(128)
-1
-0.5
 0
 0.5
 1
 2  3  4  5  6  7  8  9  10t
1
18
-1
-0.5
 0
 0.5
 1
 2  3  4  5  6  7  8  9  10t
1
18
FIG. 2: The nucleon N (JP = 1/2+) from different truncation stages of low mode (LM) and reduced (RD) quark
propagators. The eigenvalues of the correlation matrix are shown in the upper left plot, the effective masses in the
upper right. The bottom row shows the eigenvectors of the variational method of LM(32) (left) and RD(32) (right).
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FIG. 3: The a1-meson (J
PC = 1++) from different truncation stages of low mode (LM) and reduced (RD) quark
propagators. The eigenvalues of the correlation matrix are shown in the upper left plot, the effective masses in the
upper right. The bottom row shows the eigenvectors of the variational method of LM(128) (left) and RD(128)
(right).
B. ρ and N
Figs. 1 and 2 show the correlation matrix eigenvalues,
effective mass plots and the eigenvectors from the vari-
ational method of the ρ-meson (JPC = 1−−) and the
nucleon N (JP = 1/2+), respectively, using low mode
vs. reduced quark propagators.
A clear signal of a bound state using the LM(32) quark
propagator in both channels is visible with the masses
roughly two third of the actual ρ and N masses. When
further increasing the number of included modes in the
LM propagators the masses increase very slowly so that
the masses extracted with LM(32) and LM(128) practi-
cally coincide. This tells that the 32 lowest-lying, chiral
symmetry breaking modes provide a bulk (two third) of
the rho and nucleon masses and the remaining one third
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FIG. 4: Relative masses of hadrons from low mode quark propagators and reduced quark propagators.
is due to higher-lying and high-lying eigenmodes which
are not related to DχSB.
If, in contrast, we remove the low-lying modes from the
full propagators, i.e., we adopt RD propagators, both,
the ρ and N , survive. Their mass is chirally symmetric,
e.g. the ρ-meson gets degenerate with its chiral partner
a1. The masses of these chirally symmetric hadrons are
higher than the masses obtained with the untruncated
full propagators. Note that there is no additive law for
hadron masses, so that the sum of the LM mass and of
the RD mass does not coincide with the full mass. The
physics of the mass generation for the ρ and N obtained
from the chiral symmetry breaking low-lying modes and
from the chiral-invariant higher modes is very different.
C. a1
For the a1-meson the effect of the low-lying modes is
essentially less important, see Fig. 3. From the lowest
32 modes we do not see clear exponential decay, i.e. a
bound state is absent. In contrast, a clear state is seen
if we remove the same amount of the low-lying modes
from the quark propagators. This tells that it is the
confining higher-lying and high-lying modes but not the
low-lying chiral symmetry breaking modes that are the
most essential for the mass generation of the a1 meson.
IV. CONCLUSIONS
The evolution of the light hadron masses upon increas-
ing the number of the included low-lying Dirac eigen-
modes in the LM quark propagators and upon increas-
ing the number of the removed low modes in the RD
propagators, Eqs. (1) and (2), is summarized in Fig. 4.
We conclude that – unlike the mass of the pion – the
masses of ρ and N grow very slowly with the number of
included low modes in the LM propagators above k = 32,
see Fig. 4 . These low modes provide a large contribu-
tion to their masses and give rise up to two third of the
corresponding full mass. To fill the remaining mass for
the ρ-meson and the nucleon one needs to take into ac-
count the high-lying Dirac eigenmodes. In contrast, it
is the higher-lying modes that are the most essential for
the mass of the a1-meson.
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